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also depends on a;.

Letting T— 00, We get

o = Y3 (BB (2uo® + Bay?), B>0, B>0

Thus, the system is unstable if b<a¥2. The variance of the velocity at
Consequently, the nature of the scattering of dissipative forces has a

considerable effect on the dynamics of the system.

8.

9.
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THE SELFCONSISTENT PROBLEM OF THE VIBRATIONS OF AN INFINITE STRING LOADED

WITH A MOVING POINT MASS*

L.E. KAPLAN

The problem of the vibrations of a homogeneous infinite string loaded
with a point mass, moving in accordance with an unknown law of motion, is
considered. This is one of the simplest model selfconsistent problems
(SPs) in the dynamics of one-dimensional distributed loaded Lagrangian
systems /1/. A mathematical formulation of the problem is given and the
conditions for the existence and uniqueness of a global solution are
established. An analytical method, which in many cases produces an exact
solution, is presented. As an illustration, the displacement of a point
mass along a vibrating string, set in motion by an impulse communicated
to the mass, is considered. Certain effects related to the reverse
action of the radiation of the moving point mass (braking by the

radiation) are explained.
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Selfconsistent problems (SPs) arise in cases in which lumped factors (point loads or
masses, lumped electric charges, etc.) in a distributed loaded Lagrangian system are not only
subject to the effect of the system but exert their own influence on the latter. Allowance
for this interaction in the formulation of SPs makes it possible to explain certain effects
which are usually ignored /2/. SPs reduce to boundary-value problems in regions with moving
and not previously known boundaries {(the free boundary-value problem /3/). despite the natural
origin of SPs, there is no general proof that they are well-posed; in fact, analytical methods
for solving them have not been developed.

1. We consider a mechanical system consisting of a homogeneous, infinite string of
linear density p, under tension u, and a bead of mass m threaded on the string. We shall
assume that in its rest state the string is straight and coincides with the x axis; it is
capable of performing small transverse vibrations in the xu plane, while the bead can move
without friction along the string. Given the initial configuration and the initial velocity
of the system, it is required to determine its motion during the time interval 0 < t < +oo.

Thus, the vibrations of the string are described by a certain function “(1vtL —o00 <
z<C +oo, t >0, and the motion of the bead is described by a vector-valued function with
components  (f), n(?), >0, where u(y(t),t) =n(), t>>0. It is assumed that % (f) = C2 (¢t > 0),
n()EC*({>0), and moreover |y (f)|<<a =} plp, t >0, so that the curve y: z =y (1), t >0,
is a timelike curve /4/ in that xt plane relative to the homogeneous wave equation u, = a%u,,
lying (with the exception of its enpoint (z,, 0), z, = ¥ (0)) inside the future light cone I' =
((z, 8): |z — z | > at, t > 0}. As to the function 1y (z,f), it is assumed that u(x, t) =
C(—o <<z<C 4o, t»0), and in fact u(r, )= C*(—oco<<zr< +o0o,t>0), except for the points
on the curve 9 and on the characteristics passing through (z,, 0), where the partial deriva-
tives of u (r,f) may have discontinuities of the first kind. Under these conditions we shall
say that x (), 1 (t), u (2, t) are admissible functions.

Relying on previously obtained results /1/, we arrive at the following SP for the triple
of admissible functions ¢y (¢), m (¢) and u {z,t) describing the motion of the mechanical
system in question:

Uy = @ Uy, (1.1}
Py (1)) —oc Lz,
P2 (1)1 IO<\I<+ X

Py (), — oo <La L7,
s (2}, T <+ 20

u(r,0) = ¢ (z) :[
(1.2

ut(1,0)=¢(1)={

my” = p (a® — ) [u,] (1.3)

2my” = —p (@ — x?) [u] (1.4)

u(y (@), t)=mn (1.5)

% ©0) = zq, % (0) = po, n(0) =g, 1" (0) =g, (1.6

where the brackets denote the jump of the function in question across the curve y in the
direction of the positive T axis, evaluated at the point (y (t), ). The initial data of the
problem are assumed to satisfy the following conditions:

Ipol<<a, 9&C (=0 <x<T+oo), ¢(zg) = u,
QECE <L) EC @) % eEC (xCa), b, EC (x> )

2. We will find the conditions which guarantee the existence and uniqueness of an
admissible global solution of the SP (1.1)-(1.6) and describe procedure for determining
it.

Let us assume that some admissible global solution (£, n(t),u (z,t) of the SP (1.1)-(1.6)
exists. Then the function 1w (z.?) is found among the admissible global solutions of the
initial-value problem (1.1)-(1.3) for the one-dimensional wave equation (augmented by a jump
condition) which satisfy conditions (1.4) and (1.5). Let us assume that an admissible global
solution u(zx,t) of problem (1.1)-{1.3) exists. Extend u(z,t) to negative values ¢<<0.
by defining it there as zero, i.e., setting U(z,t) = 0 (t)u (z,?), where 0 (f) 1is the Heaviside
unit function and go over to the appropriate generalized function. Using the relationship
between the generalized and classical derivatives of Uz, t), with due allowance for the
initial conditions (1.2) and jump condition (1.3), we infer that an admissible global solution
uz, t) of problem (1.1)-(1.3), extended as zero to <0, may be found among those
generalized solutions of the one-dimensional wave equation
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Utt = azU:cx + G (-I:v t)
G(z,8) =—mp™" )0z — % @)+ @&+ v ()6

which are admissible functions for t>0. As is well-known /4/, a generalized solution
U(z,t) of the one-dimensional wave equations exists, is unique and can be expressed as a
wave potential. We have

U, t)=E(z, 0)+G(z,0), E(x, ) =026 0(at— |z]|)

where E (z,t) is a fundamental solution of the one-dimensional wave operator and the asterisk
denotes convolution of functions of x, t. For ¢>0 the solution takes the following form:

Dy (1,8)y —oo Lz —at+1,
Yz, t) —at 4z ey ()
Yo (2,1) y)<ze<at+z,
Dy(z,t), atfaxy <<+ o0

u(z,t)‘: (2.1)

x+al
(Dk(.z,t)=%(pk(z—ut)—}— (pk(x+at)4—— \ Pp(v)dr, k=1,2

x—at

W () = sgg— s/ (B (0 2 2)) + £y (0 —2) 4

m
Bt ) s=ap

Xo

Fr®) = 5 9y (~—ab) + -

ey

¥, (ndt, EeS[—axy/a, + )
3

@

i)
B
S

Fa(®) = 02 (a8) + o | 0 (mdv, ES[2,/a, -+ o)

=

where B* (8), £ = [z5/a, +o0) and B (), £ =[—zy/a, +00) are the inverses of the functions
ot () =t+ o @)a, e () =1t — y (t)a, t [0, ), respectively.

Clearly, u(z,2) 1is an admissible function. Thus an admissible global solution of
problem (1.1)-(1.3) exists, is unique and is given by formula (2.1).

Thus, if the triple of admissible functions % (f), n(¢), u(z,t) is a global solution of
the SP (1.1)-(1.6), then u(z,f) is given by formula (2.1) and satisfies conditions (1.4),
(1.5). Hence it follows that the pair of functions % (t), 4 (f) which are the other elements
of the triple may be found among the admissible global solutions of the following initial-
value problem for a canonical system of ordinary second-order differential equations:

= —ls (@ — I I — @ O I 4 af (g x, y0)] (2.2)
= —s7 0 =t x x)]
% (0) = o, % (0) = po. 1 (0) = ug, 0 (0) = g4
(F£@ %) =0 —x /) FY' (t — x /a) = (1 + x/a) Fy) (¢ + y/a))

Conversely, if the pair of functions 9 (f), n(f) is an admissible global solution of
problem (2.2), then the triple % (t), 0 (¢), u (z,t), where u (z,t) is given by (2.1), is an
admissible global solution of the SP (1.1)-{1.6), which can be verified directly.

To obtain conditions guaranteeing the existence and uniqueness of an admissible global
solution of problem {2.2), one uses some suitable a priori estimate of its admissible local
solutions. Assume that the derivatives F,” and F,’ are square-integrable over the intervals
[—z, /a, +o0), [zy/a, +o0), respectively. The law of conservation of energy for our mechanical
system, formulated in terms of formulae (2.1), implies that if there exists an admissible
local solution % (#),n(f) of problem (2.2) which is defined in some interval [0, 71, then it
satisfies the "energy inequality™

O+ VE 10, 7] (2.3%

Vo=(pt+at+5 § Fr@®a++ § Fr@d)" = const>0 2.4
x/a

J
~%y/a
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Inequality (2.3) yields an a priori estimate for admissible local solutions ¥ (f), n (2
of problem (2.2) which are defined for 0 << 7, namely:

[ @ 1< Vo |40 =2 [<Vots [ () 1< Vo, [n (€)= ue | Vot (2.5)

The quantity V,of formula (2.4) will be called the defining parameter of the SP (1.1)-
(1.6).

Lemma. If the defining parameter V,of the SP (1.1)-(1.6) satisfies the condition
Vo<ea (2.6)
then problem (2.2) corresponding to this SP has an admissible global solution, which is more-
over unique.

Indeed, let T be an arbitrary positive number. Define ¢ — V,=2d and, in the extended
phase space (¢, %, % W 1), consider a parallelepiped II: 0 <(t<C T, {x— 2 |I< (Vo +d) T,1% | <
Vo+d, Im—ug [ S<Vo+d)T, I [ Vy+d, in which the conditions of the local existence
and uniqueness theorem for the initial-value problem are satisfied. By the continuation
theorem /5/, the local solution, which is obviously admissible, may be continued up to the
boundary TI. It follows from the a priori estimate (2.5) that the solution can reach only
the boundary ¢{ = 7. Thus an admissible local solution can be continued to the right up to
any t=T >0, and hence it is unrestricted in that direction. Since the continuation is
unique, our assertion is proved.

Let #%(t),m() be an admissible global solution of problem (2.2). Then n () 1is an
admissible global solution of a second-order ordinary differential equation (the second
equation of (2.2) on the assumption that ¢ (f) is a given function) satisfying the initial con-
ditions % (0) = uy, v (0) = g, This equation is readily integrated in quadratures, since it has
a first integral which is a first-order linear differential equation. We have

1 (t) = sqy + et {uo-s% +—_:— g |:F1 (T — 72—1)) + F, <T~ —/[E—T)-)] eT"‘d'I:Jl (2.7)
0

Consequently, % (f) is an admissible global solution of the following initial-value
problem for an integrodifferential equation

A=) (@ — x)7T I (@O K+ af (& 1) (2.8)
% (0) = z4, % (0) = pe

where 1 (f) 1is given by (2.7). If condition (2.6) is satisfied, this problem has an admiss-
ible global solution, which is moreover unique.

We have thus established the following assertion: If the defining parameter V, of the SP
{1.1)-{1.6) satisfies condition (2.6), then a unique admissible global solution; y (). 7 (), u (z,
t) of the problem exists; the function y (¢) is an admissible global solution of problem (2.8),
and n(?) is given by formula (2.7) and u(x,t) by formula (2.1).

3. FEzample. Let us consider a bead of mass m moving along an infinite vibrating homo-
geneous string, set in motion at time :=0 by a momentum mv, with components mp,, mg,
communicated to the bead, on the assumption that |v,|<a.

To determine the vector-valued function with components 1y (¢}, n () and the function u (z,t),
describing the motion of the bead and the string, respectively, we have a SP with initial
data

v @0 =0, wy@0=0 0=z % (0)=py, O =0 7n0)=4g

characterized by a defining parameter V,=|v,| < a.
The function () 1is given by
m
N =sgt—e), s=g5, t20 (3.1)
and () 1is an admissible global solution of the following Cauchy problem for a second-order
ordinary differential equation:

—2t/s

s(@—x)x = —g% "% 1O ==z, ¥ 0 =p (3.2)

If p,=0, then obviously y(f)=2), t>0; if ¢ =0, then y ()= pot— 20, t >0 (in which
case n{t)=0, t>0).
Now let p, =+ 0, ¢o0. If p,>0, then ¢ (>0, x" () <0,¢t>»0, so that y (¢) decreases
monotonically from p, (at ¢t=0) to p, (at t= +o), where :p, is the root of the eguation
A (p) = po? — a*ln po® + @® — p* + a?lnp? = 0 3.3)

in the interval 0<p< . If py<0, then y ()<0, % (>0,t>0, so that x () increases
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monotonically from p, (at :¢=0) to p. (at t= + o), where p. is the root of Eq.(3.3)
in the interval p, < p < V. The function z=y () is found in parametric form (with parameter

p):

s q at — g2
’*Tl“Afp)' x——:xo—-ssA—(g)—dg (3.4)
where p, > p>p, (if py>0) and p, <p<p. (if p, < 0).
The function . (z, 1), t> 0, is given by
o, —oo< 1 —at-t 14
w (e, r) - n (Bt (¢ + z/a)), 'a[’f10/<1'<\.x(/) (3.5)
NP~ —ue/a)), ) S<rcat--zo
0, at +rg < x <+ 00
where 1n is given by formula (3.1) and g+, f~ are the inverses of the functions at (1) =t +
X (a, o= () =t — y ()/a, t > 0, respectively.
As follows from our analysis, in accelerated motion the bead will continuously lose
energy; in uniform motion, no energy is lost. We note that similar effects due . to the

radiating reaction of a moving lumped factor (braking by the radiation), are observed in other
interactive processes (e.g., interaction of a charged particle with its own electromagnetic

field /6/).

4. Remarks. 1. A similar method may be used to solve SPs concerning the vibrations of
an infinite string loaded with several moving point masses which do not collide while in
motion. Applying the method of reflections, one can also obtain solutions to SPs concerning
the vibrations of semi-infinite and even bounded strings loaded with one or several moving
point masses which do not collide with one another or with the end of the string while in
motion.

2. The SP (1.1)-(1.6) is essentially a mixed Cauchy problem with free boundary /7/ for
the one-dimensional wave equation. The method of solution proposed in this paper, which is
based on the idea of isolating different motions in the system, may be extended to SPs arising
from other equations of hyperbolic type with constant coefficients, since for such equations
a solution of the generalized Cauchy problem exists, is unique and can be represented as a
convolution of a fundamental solution (with support contained in .a certain convex cone) and
a source /8/.
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